Introduction
In this note, we shall generalize Min-Oo's theorem of scalar curvature rigidity of strongly asymptotically hyperbolic spin manifolds.
Inspired by Witten's proof of the positive energy theorem for asymptotically flat manifolds, Min-Oo introduced strongly asymptotically hyperbolic manifolds and proved that any strongly asymptotically hyperbolic spin manifold of dimension n ≥ 3 with scalar curvature R ≥ −n(n − 1) is isometric to hyperbolic space [3] . This rigid theorem was extended later to locally asymptotically hyperbolic spin manifolds by Andersson and Dahl [1] , and to odd-dimensional complex hyperbolic manifold by Herzlich [2] .
Recall the hyperbolic space (H n , g 0 ) is R n endowed with the metric 
at infinity such that
This rigid theorem is true also for local and odd-dimensional complex hyperbolic spaces, as well as the multi-end case, this theorem of course holds for the assumption of strongly asymptotic hyperbolic via integral conditions on A and H, for instance,
The positive energy theorem for asymptotically flat spin manifolds whose scalar curvature satisfies
for some real function
at infinity was considered in [9] . The positive energy theorem was first proved by Schoen and Yau via the geometric analysis method [5, 6, 7] . So it is interesting to use their method to prove these rigid theorems.
Preliminaries
Let M be an (oriented) Riemannian spin manifold of dimension n ≥ 3 with spinor bundle S. Let g, g 0 be Riemannian metrics on M . Let A ∈ End(T M) be the symmetric, positive definite 'gauge transformation' such that
The gauge transformation A induces a map from SO(M, g 0 ) to SO(M, g
). Therefore it induces a map from Spin(n, g 0 ) to Spin(n, g) and hence a map from the spinor bundles S(M, g 0 ) to S(M, g) by
Let ∇, ∇ g 0 be the Levi-Civita connections of g, g 0 respectively. We extend them to the spinor bundle S and denote as ∇, ∇ g 0 also. To compare the two connections, we define a connection∇ with respect to the metric g bȳ
This connection has torsion
Since the connection ∇ is torsionless with respect to the metric g, we obtain
Now we compare ∇,∇ on spinor bundle S. Let {e i } be a local orthonormal frame for g, and {e i } be the local orthonormal coframe. Let {σ α } be the local orthonormal frame of the spinor bundle. Denote by ω ij ,ω ij the connection 1-forms for ∇,∇ defined by
Therefore,
By (2.2) and (2.3), we obtain
for some C > 0. Therefore,
where X is a vector, φ is a spinor and D,D are the Dirac operators with respect to the connections ∇,∇.
The Killing connections and Dirac operators
The Killing connection on spinor bundle S is defined bŷ
spinors vanish with respect to this connection are called imaginary Killing spinors. The curvature of connection∇ iŝ
Hence if a manifold M has a local basis of imaginary Killing spinors, thenR vanishes, so that M has constant sectional curvature −1 and is locally isometric to hyperbolic space. If a manifold M has an imaginary Killing spinor φ, then
therefore M has constant Ricci curvature −(n − 1). The hyperbolic space H n has a full set of imaginary Killing spinors {φ 0 }, see [1, 3] . Moreover, there is constant C > 0 such that
as r → ∞ by (3.1). This fact is very important in the proof of rigid theorems for strongly asymptotically hyperbolic manifolds. Now we define a generalized Killing connectioñ
for some real function H, and a Dirac operator
with respect to this generalized Killing connection. Since
By (3.7), we have the following Weitzenböck formulas
Now we derive the integral forms of the Weitzenböck formulas. Since
Similarly,
Note that (1.3) ensures thatR ± is nonnegative. Now we obtain
Rigidity for strongly asymptotically hyperbolic manifolds
Let M be a complete spin manifold withR nonnegative and bounded. Let C ∞ 0 (S) be the space of smooth sections with compact support. Define an inner product on S by
and let H 1 (S) be the closure of C ∞ 0 (S) with respect to this inner product. Then H 1 (S) with the above inner product is a Hilbert space. Now define a bounded bilinear form B on C ∞ 0 (S) by
By (3.10), we obtain
SinceR − is bounded also, we can extend B to H 1 (S) as a coercive bilinear form ifR − is nonnegative.
We extend the imaginary Killing spinors {φ 0 } on M ∞ to the whole M . With respect to the metric g, these Killing spinors can be written asφ 0 = Aφ 0 . Now we show that∇φ 0 ∈ L 2 (S): On M ∞ ,
Thus,
by (2.6). Therefore,
as r → ∞. Since the sphere S r has area of the order e (n−1)r , we know that
and henceDφ
by the assumption of asymptotic hyperbolic metric. Thereforẽ
by the assumption of behavior of H at infinity. Note thatφ 0 is not
Lemma 4.1. There exists a unique spinor
Lax-Milgram lemma shows that there exists a spinor φ 1 ∈ H 1 (S) such that
weakly. Let φ = φ 1 +φ 0 and ψ =Dφ. The elliptic regularity tells us that ψ ∈ H 1 (S), andD * ψ = 0 in the classical sense. Then (3.11) implieŝ
Hence
on the complement of the zero set of ψ on M . If there exists x 0 ∈ M such that |ψ(x 0 )| = 0, then integrate it along a path from x 0 ∈ M gives
Obviously, ψ is not in L 2 (S) which gives the contradiction. Hence ψ ≡ 0, and the proof of lemma is complete. This implies H ≡ 0. Thus it reduces to the case of Min-Oo's theorem [3] and the proof of the theorem is complete.
